The minimum energy broadcast problem is to assign a transmission range to each node in an ad hoc wireless network to construct a spanning tree rooted at a given source node such that any non-root node resides within the transmission range of its parent. The objective is to minimize the total energy consumption, i.e., the sum of the δth powers of a transmission range (δ ≥ 1). In this paper, we consider the case that δ = 2, and that nodes are located on a 2-dimensional rectangular grid. We prove that the minimum energy consumption for an n-node k×l-grid with n = kl and k ≤ l is at most
Introduction
In ad hoc wireless networks, communication is established via a sequence of wireless connections between neighboring nodes. It is well known that a transmission power at least γ · dist (u, v) δ is necessary for a node u to directly transmit a data message to a node v, where dist(u, v) is the distance between u and v, and γ ≥ 1 and δ ≥ 1 are the transmission-quality parameter and the distance-power gradient, respectively, which depend on environment [1] . In what follows, we fix γ = 1 and assume that nodes are located on the Euclidean plane.
It is important to save energy consumption in ad hoc wireless networks because wireless nodes are often driven by batteries. The minimum energy broadcast problem, i.e., the problem of transferring a data message to all nodes in an ad hoc network with the minimum total energy consumption has extensively been studied. Formally, this problem is to assign a transmission range r u ≥ 0 to each node u so that there exists a spanning tree rooted at a given source node and satisfying dist(u, v) ≤ r u for any node u and its child v, and that the cost ∑ u r δ u is minimized.
It is known that the minimum energy broadcast problem is NP-hard for any δ > 1 [2] . Approximation ratios for this problem have been proved in [3] [4] [5] [6] . The best known algorithm achieving the approximation ratio of 4.2 for any δ ≥ 2 on the Euclidean plane was presented in [7] . Calamoneri et al. [8] considered the case that δ = 2, and that n nodes are located on a square grid with side length √ n − 1. They proved that the minimum cost is between √ n). They also conjectured that a broadcast on the square grid based on a circle packing called the Apollonian gasket would achieve a cost matching the lower bound asymptotically.
In this paper, we demonstrate that a simple application of early results on the Apollonian gasket answers the conjecture.
Specifically, we prove that a broadcast on an n-node square grid based on Apollonian gaskets achieves a cost of n π +O(n S 2 +ϵ ), where S is the Hausdorff dimension of an Apollonian gasket. Because it is well known that S < 1.314534 [9] , our upper bound on square grids is extended to n π + O(k S−2+ϵ n) for any k × l-grid with n = kl and k ≤ l. 
Our upper bounds can be obtained by polynomial time algorithms, whose main ideas are from [8] . Moreover, we prove our lower bounds using a refined technique of the proof of [8] , which is introduced in order to obtain better bounds for smaller k and is the technically interesting contribution for rectangular grids.
The paper is organized as follows: In Section 2, we describe the definition of Apollonian gaskets and some facts that we use in the following sections. In Section 3, we prove our upper bound on square grids. Finally, we generalize upper and lower bounds to rectangular grids in Section 4.
Apollonian gasket
Let T (a, b, c) be the range bounded by the curvilinear triangle of three mutually tangent disks of curvatures (i.e., reciprocals of a radius) a, b, and c, where a, b, c ≥ 0, and at most one of a, b, and c equals 0. 
where r i is the radius of D i . It is well known that S does not depend on a, b, or c, and that S is equal to the Hausdorff dimension of an Apollonian gasket [10] . Currently best provable bounds on S were presented by Boyd:
, which is finite for any t > S.
Broadcast on square grids
In this section, we assume that n = m 2 nodes are located on points with coordinates (x, y) of integers 0 ≤ x, y < m. Our algorithm to construct a broadcast on an m × m-grid is based on an idea mentioned in [8] Fig. 2(a) ). If T is a curvilinear triangle with one curve of a disk D and two line segments of Q , then T is covered by D by increasing the radius Fig. 2(b) ). Therefore, Q is covered by 
Lemma 2. |C| ≤
and the distance of c i and the original center of D i is at most
, it follows
This means that the number of disks located in Step 6 from t
The number of disks located in Step 5 is obviously at most 2⌈(m − 1)/2⌉ ≤ m.
Proof. Consider disks after Step 2. Let I 1 := D 1 and I 2 be one of the four disks of level 2. Then, for j ≥ 3, let I j be the disk tangent to I j−1 and to two line segments of Q . For j ≥ 1, let T j be a range bounded by the curvilinear triangle of I j , I j+1 , and Q (Fig. 3) , and let T j be the set of disks contained in T j . It follows that
can observe that for j ≥ 2, T j is similar to T j−1 with the shrink factor of 3 − 2 √ 2. Moreover,
m because the sum is at most half of a diagonal of Q . Thus, we have Because
) is similar to T (0, 2, 2(3 + √ 2)) with the scale factor of m − 1, and because every disk in T 1 has radius at least 1, it follows that
Because σ (0, 2, 2(3 + √ 2), S + ϵ) is a finite value 1 independent of m, by (1) and (2), we have the lemma.
Theorem 1. For any ϵ > 0, AGBS has a cost of
n π + O(n S 2 +ϵ ). Proof. Because π ∑ i r 2 i ≤ (m−1) 2 < m 2 ,
it follows from Lemmas 2 and 3 that
By Lemmas 2 and 3, the running time of AGBS is n
Broadcast on rectangular grids
In this section, we assume that n = kl nodes (k ≤ l) are located on points with coordinates (x, y) of integers 0 ≤ x < l and 0 ≤ y < k.
Upper bounds
Our broadcast algorithm on rectangular grids is based on a simple application of AGBS to maximal square grids contained in a given rectangular grid. Specifically, the algorithm, called AGBR, is defined as follows:
/k i square grids, and apply AGBS on each square grid with setting a nearest node to s as the source node.
3. For each square grid Q appeared in Step 2(b) and not containing s, the nearest node to s is adjacent to a node v of another square grid Q ′ closer to s. Locate a disk of radius 1 centered at v, so that a broadcast message from s is transferred to Q via Q ′ .
4. Assign each node v the maximum radius of a disk located centered at v if such a disk exists, 0 otherwise. 1 In fact, we can guarantee σ (0, 2, 2(3 + √ 2), S + ϵ) to be reasonably small if we are allowed to have a certain ϵ. For example, we can estimate σ (0, 2, 2(3 + √ 2), 1.4) ≤ 0.97 using the recurrence presented in [9] . Proof. Let C be the set of disks located in Step 3. Then, by Theorem 1, the cost of AGBR is
where t := S + ϵ. We can observe that k i ≤ l ′ i for any i ≥ 1, and that l
Here, we have used the fact that x
. It follows from (4) that
Moreover,
By (3), (5) and (6), we have the theorem.
Because the running time of AGBS is O(n), the running time of AGBR is n + ∑
. Theorem 2 is not useful to bound a factor of n for the case k = O (1) . The following theorem is simple but provides an explicit factor of n for any k ≥ 3.
Theorem 3.
For a k × l-grid with n = kl and k ≥ 3, the minimum cost is at most n 3
otherwise.
Proof. It can easily be verified that the following algorithm constructs a desired broadcast:
1. Locate a disk of radius 1 centered at every (x, y) with 0 ≤ x ≤ l − 2, 0 ≤ y ≤ k − 2, and y mod 3 = 1. 2. Locate a disk of radius 1 centered at every (l − 1, y) with 1 ≤ y ≤ k − 2. A, respectively. Moreover, the following inequalities are proved in [8] :
Here, r max : 
T covering every node covered by D ′ . Therefore, it follows that
T , and that there is no sequence
T , there exists an ancestor
Thus, the lemma holds. (Fig. 6 (a) 
Lemma 5. For any spanning tree T associated with D and rooted at D 1 , and for any leaves Y p and Z q of T , let
′ satisfies Condition 1 with respect to Y p and Z q fixed here. 
, so that D j becomes the nearest common ancestor to Y p and Z q in T ′′ (Fig. 6(b) ). Let 
a leaf of T ′′ . By repeating the above argument until every pair of leaves satisfies Condition 1, we will obtain a desired spanning tree. This process will be finished in finite steps because replacing edges in the process increases
In what follows, we fix a spanning tree T = (D, E ) satisfying the conditions of Lemma 5 and omit the superscript T from each symbol. Let N(r) be the number of grid points of an infinitely large grid that is covered by a disk of radius r centered at a grid
, which can be used to estimate a lower bound of cost as follows:
+ βr and X (a, r) ≤ α for any r ∈ R with r ≤ r max and any a ≥ 0, 
It should be noted that this holds even if D i covers fewer than N(r i ) nodes due to its location close to the boundary of the underlying k × l-grid. Thus, it follows from (8) and Lemma 4 that
by which we obtain the lemma.
We bound X (a, r) and r max from above by the following lemmas. We can easily verify the following lemma by (7) and simple calculation. there exists a grid point q not contained in U such that p is covered by a square of side length 1 centered at q. Thus, we have
. This means that U contains the disk of radius r − Proof. By Lemmas 6, 10-12, it suffices to prove the following claims:
1. There exist α with α The second claim is immediate because r = O (1) . Moreover, the third claim can be verified simply by applying Lemma 12. As for the first claim, it follows from (7) and Lemma 10 that for r ∈ R with + Ω(k −1 ).
By (9)- (11), we have the first claim.
